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Just some pointers 

• (Source) implies that it was taken from the paper  arXiv:0905.3010


• This paper is to motivate the listener  to get into the field , the paper itself may 
not hold new results etc . 


• A lot of unanswered questions must me explored by the listener!

https://arxiv.org/abs/0905.3010


Why? (would a physicist care about category theory)

• Chris Isham’s and Lee Smolin’s ideas on the use of topos theory in quantum 
gravity 


• Connections between knot theory and braided categories 


• Sophisticated mathematical physics such as quantum groups and TQFT


• (For those into pure mathematics) The incredible unifying power of 
mathematical structures and constructions.




A category is the exact 
mathematical structure 
of practicing physics!



Why? (should a physicist care about category theory)

• Consider a physical system of type A (e.g. a qubit, or two qubits, or an 
electron, or classical measurement data)


• Perform an operation f on it (e.g. perform a measurement on it)


• This results in a system possibly of a different type B (e.g. the system 
together with classical data which encodes the measurement 
outcome, or, just classical data in the case that the measurement 
destroyed the system)


ar
X

iv
:0

80
8.

10
32

v1
  [

qu
an

t-p
h]

  7
 A

ug
 2

00
8

Introducing categories to the practicing physicist

Bob Coecke

Abstract

We argue that category theory should become a part of the daily prac-
tice of the physicist, and more specific, the quantum physicist and/or in-
formatician. The reason for this is not that category theory is a better way
of doing mathematics, but that monoidal categories constitute the actual
algebra of practicing physics. We will not provide rigorous definitions or
anything resembling a coherent mathematical theory, but we will take the
reader for a journey introducing concepts which are part of category theory
in a manner that the physicist will recognize them.

1 Why?

Why would a physicist care about category theory, why would he want to know
about it, why would he want to show off with it? There could be many rea-
sons. For example, you might find John Baez’s webside one of the coolest in the
world. Or you might be fascinated by Chris Isham’s and Lee Smolin’s ideas on
the use of topos theory in Quantum Gravity. Also the connections between knot
theory, braided categories, and sophisticated mathematical physics such as quan-
tum groups and topological quantum field theory might lure you. Or, if you are
also into pure mathematics, you might just appreciate category theory due to
its incredible unifying power of mathematical structures and constructions. But
there is a far more on-the-nose reason which is never mentioned. Namely,

a category is the exact mathematical structure of practicing physics!

What do I mean here by a practicing physics? Consider a physical system of type
A (e.g. a qubit, or two qubits, or an electron, or classical measurement data) and
perform an operation f on it (e.g. perform a measurement on it) which results
in a system possibly of a different type B (e.g. the system together with classical
data which encodes the measurement outcome, or, just classical data in the case
that the measurement destroyed the system). So typically we have

A
f ! B

1



Why? (should a physicist care about category theory)

• Next, perform an operation  
 
 
 
 

• If we set for the operation ‘doing nothing on a system of 
type A’ we have 
 
 
 
                                            We have a category!

where A is the initial type of the system, B is the resulting type, and f is the
operation. One can perform an operation

B
g ! C

after f since the resulting type B of f is also the initial type of g, and we write
g → f for the consecutive application of these two operations. Clearly we have
(h→ g)→ f = h→ (g → f) since putting the brackets merely adds the superficial data
of conceiving two operations as one. If we further set

A
1A ! A

for the operation ‘doing nothing on a system of type A’ we have

1B → f = f → 1A = f .

Hence we have a category ! (a concept introduced by Samuel Eilenberg and Saun-
ders Mac Lane in 1945 in [15]) When we also want to be able to conceive two
systems A and B as one whole which we will denote by A ⊗ B, and hence also
need to consider the compound operations

A ⊗ B
f ⊗ g! C ⊗ D

inherited from the operations on the individual systems, then we pass from or-
dinary categories to a particular case of the 2-dimensional variant of categories
called monoidal categories. (a concept introduced by Jean Benabou in 1963 in
[8]) We will define these monoidal categories in Section 5.

2 What?

The (almost) formally precise definition of a category is the following:

Definition. A category C consists of:

• objects A, B, C, . . . ,

• morphisms f, g, h, . . . ∈ C(A, B) for each pair A, B ,

• composition of each f ∈C(A, B) with each g ∈C(B, C) resulting
in g → f ∈C(A, C) and this composition is such that

(h → g) → f = h → (g → f) ,

• identity morphisms 1A ∈ C(A, A) for all A which satisfy

f → 1A = 1B → f = f .

2
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What? (did we build till now) 
• Well, we built a category

where A is the initial type of the system, B is the resulting type, and f is the
operation. One can perform an operation

B
g ! C

after f since the resulting type B of f is also the initial type of g, and we write
g → f for the consecutive application of these two operations. Clearly we have
(h→ g)→ f = h→ (g → f) since putting the brackets merely adds the superficial data
of conceiving two operations as one. If we further set

A
1A ! A

for the operation ‘doing nothing on a system of type A’ we have

1B → f = f → 1A = f .

Hence we have a category ! (a concept introduced by Samuel Eilenberg and Saun-
ders Mac Lane in 1945 in [15]) When we also want to be able to conceive two
systems A and B as one whole which we will denote by A ⊗ B, and hence also
need to consider the compound operations

A ⊗ B
f ⊗ g! C ⊗ D

inherited from the operations on the individual systems, then we pass from or-
dinary categories to a particular case of the 2-dimensional variant of categories
called monoidal categories. (a concept introduced by Jean Benabou in 1963 in
[8]) We will define these monoidal categories in Section 5.

2 What?

The (almost) formally precise definition of a category is the following:

Definition. A category C consists of:

• objects A, B, C, . . . ,

• morphisms f, g, h, . . . ∈ C(A, B) for each pair A, B ,

• composition of each f ∈C(A, B) with each g ∈C(B, C) resulting
in g → f ∈C(A, C) and this composition is such that

(h → g) → f = h → (g → f) ,

• identity morphisms 1A ∈ C(A, A) for all A which satisfy

f → 1A = 1B → f = f .

2
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Where? (is it used) 
If I were to start mentioning all the fields which can be analyzed through 
categorical analysis we will be here forever and I can’t go back and watch one 
piece so just to give you a few examples we have:


•  Groups, isomorphisms and monoids 


• Partially ordered sets 


• And fine I’ll fold - some quantum mechanics applications 



Groups 
• A Group G can be seen as a category with a single object where every morphism is an 

isomorphism           


• A group without inverses is called a monoid (very weak definition ) 


• (A question - think about why a monoid category will have only one object?) 
 
[Hint: it’s in the definition of a monoid and (spoiler!) it has a lot more in its definition that we 
will recognize and be able to use]

Definition. A morphism f : A → B is an isomorphism (iso) if it has an
inverse i.e. there exists f−1 : B → A such that

f−1 ◦ f = 1A and f ◦ f−1 = 1B .

A ‘group without inverses’ is called a monoid and is by definition a category in
which there is only one object. Also each partially ordered set P is a category
with the elements of this poset as objects, and whenever a ≤ b we take P (a, b) to
be a singleton, otherwise we take it to be empty. Closedness under composition
is guaranteed by transitivity and the identities are provided by reflexivity. Hence
a poset is an example of a category with only few morphisms. A preordered
set (i.e. ‘partial order without anti-symmetry’) can be defined as a category in
which there is at most one arrow from an object to another one. Still in category
theoretic terms, a poset is bounded if it has a terminal and an initial object:

Definition. An object $ is terminal if C(A,$) is a singleton for all A.
An object ⊥ is initial if C(⊥, A) is a singleton for all A.

It is lattice if it has products and coproducts, categorical concepts which we will
define further below. But on the other hand, we also have the category Group
which has groups as objects and group homomorphisms as morphisms, and we
can also consider the category Poset which has posets as objects and order-
preserving maps as morphisms. This are two examples of categories with mathe-
matical structure of some kind as objects, and corresponding structure preserving
maps as morphisms. Other examples of this sort are topological spaces and con-
tinuous maps (Top), vector spaces over K and linear maps (VecK), categories
and categorical-structure-preserving maps called functors (Cat), etc.

4 Quantum?

We can also consider two distinct categories which both have sets as objects,
but one with functions as morphisms denoted by Set and one with relations
as morphisms denoted by Rel. While you might think that since both have
sets as objects they are quite similar, nothing is less true! As a matter of fact,
Rel much more resembles the category of finite dimensional Hilbert spaces and
linear maps FdHilb than it resembles Set, and here things really start to get
interesting. For example, category theory is able to detect the fact that both
vector spaces and relations admit a matrix calculus, respectively over the field K

and over the semiring of booleans B.1 While technically this involves some more

1A semiring is a ring in ‘without additive inverses’. For a matrix calculus it indeed suffices
to be able to add and to multiply scalars, while no substraction is needed.

4
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Partially ordered sets 
• A partially ordered set P is a category with elements of this poset as objects 


• Whenever a ≤ b we take P(a,b) to be a singleton, otherwise we take it to be empty


• Closedness under composition is guaranteed by transitivity  and the identities are 
provided by reflexivity.


• Hence, posets are examples of categories with only a few morphisms. 


• A preordered set can be defined as a category in which there is at most one arrow 
from an object to another (in the same way as above ) 




Some Quantum applications 

• Quantum here is just the beginning of the physical applications and if I were 
to go into detail about the how’s , why’s , what’s we would be here for another 
2 hours 
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Which
• Well till now we have gone over the fundamentals   


• But till now just the definitions are of almost no consequence to the untrained 
eye , so let us try to climb down from the highest point of the abstraction 
mountain to a lower point 

!

"

#
#

#
#

#$

#
##

#
##

#
##

{1}

{2}

{3}

{1,2}

{2,3}

{1,3}

{1,2,3}

→

Very crucial in all this is the fact that we considered the cartesian product × in
Rel and the tensor product ⊗ in FdHilb, while both categories allow to combine
their objects in many different other ways (e.g. the direct sum of Hilbert spaces).
This shows that it is essential to consider these additional operations as a genuine
part of the structure, introducing monoidal structure.

5 Which?

The key feature we have seen so far of a category are:

• The structure lives in the space of operations (vs. state space),

• Types enable to distinguish different kinds of systems,

• Composition/application is the primitive ingredient.

We are still missing something crucial. While not officially part of the basic
definition of a category, for any ‘operational’ situation as discussed in Section
1 it is natural to have, besides (temporal) sequential composition, some notion
of parallel composition which allows one to consider two distinct entities as one
whole (e.g. the tensor product in quantum mechanics). In abstract category-
theoretic terms this means introducing a second dimension.

Definition. A symmetric monoidal category is a category with a sym-
metric monoidal tensor, that is, an assignment both for pairs of objects
and pairs morphisms

(A, B) $→ A ⊗ B

(A
f! B , C

g! D) $→ A ⊗ C
f ⊗ g! B ⊗ D

which is bifunctorioral, and comes together with left & right unit natural
isos, a symmetry natural iso and an associativity natural iso.

6



• Let us start with symmetric monoidal categories


• (Q- find how monoids and category of monoids are related ) 


• Lets start depicting morphism (physical processes) as little square boxes, and 
also label the inputs and outputs of these by “types”

!

"

#
#

#
#

#$
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#
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#
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• And sequential composition is done by matching inputs and outputs of the 
systems 


• Let us practice this nomenclature 


• And now that we have femiliarized ourself with these lets try a few examples 

So it remains to explain what bifunctoriality and those natural isos stand for.

To this means we depict morphisms (i.e. physical processes) as square boxes,
and we label the inputs and outputs of these boxes by types which tell on which
kind of system these boxes act cf. one qubit, n-qubits, classical data etc. Se-
quential composition (in time) is depicted by connecting matching outputs and
inputs of these boxes by lines, and parallel composition (cf. tensor) by locat-
ing boxes side by side. E.g. 1A : A → A, f : A → B, g ◦ f for g : B → C,
1A ⊗ 1B : A ⊗ B → A ⊗ B, f ⊗ 1C , f ⊗ g for f : B → D and g : C → E, and
(f ⊗ g) ◦ h for h : A → B ⊗ C respectively depict as:

f

B

A

g
C

f

D

C

g

f

B

A

C

B

f

B

A

A

h

B

E

A B f

D

C

g
E

A

We now show that the requirements ‘bifunctoriality’ and ‘existence and naturality
for some special isomorphisms’ with respect to the operation ‘combining systems’
are physically so evidently true that they almost seem redundant. (but as we will
see further they do have major implications)

Bifunctoriality. In the graphical language bifunctoriality stands for:

f

g f

g
=

Bifunctoriality has a very clear conceptual interpretation: If we apply an oper-
ation f to one system and an operation g to another system, then the order in
which we apply them doesn’t matter. Hence bifunctoriality expresses some no-
tion of locality but still allows for the quantum type of non-locality. The above
pictorial equation can also be written down in term of a commutative diagram:

A1⊗A2

f ⊗ 1A2! B1⊗A2

A1⊗B2

1A1
⊗ g

"

f ⊗ 1B2

! B1⊗B2

1B1
⊗ g

"

which expresses that both paths yield the same result. Actually, taking on a
relativistic spirit, (1⊗ g)◦ (f ⊗1) = (f ⊗1)◦ (1⊗ g) expresses that what is at the
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for some special isomorphisms’ with respect to the operation ‘combining systems’
are physically so evidently true that they almost seem redundant. (but as we will
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Bifunctoriality has a very clear conceptual interpretation: If we apply an oper-
ation f to one system and an operation g to another system, then the order in
which we apply them doesn’t matter. Hence bifunctoriality expresses some no-
tion of locality but still allows for the quantum type of non-locality. The above
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which expresses that both paths yield the same result. Actually, taking on a
relativistic spirit, (1⊗ g)◦ (f ⊗1) = (f ⊗1)◦ (1⊗ g) expresses that what is at the
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matter 
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Symmetry and associativity natural isomorphisms
• We can think of natural isomorphism as a “explicitly witnessed” canonical 

isomorphism 


• And it looks like 


• Which is basically saying 

left and at the right of the tensor does not temporally compare (cf. are space-like
separated) so we can denote them both without any harm by f → g, and hence
assume the slightly more general condition

(g1 → g2) ◦ (f1 → f2) = (g1 ◦ f1) → (g2 ◦ f2)

from which it easily follows that

(1 → g) ◦ (f → 1) = (1 ◦ f) → (g ◦ 1) = (f ◦ 1) → (1 ◦ g) = (f → 1) ◦ (1 → g) .

This stronger condition was already implicitly present in the picture calculus
since the latter explicitly ignores the brackets:

f

gg

f

1

21

2

i.e. it doesn’t matter if we either first consider the sequential composition or the
parallel composition. We read this as: since f1 is causally before g1 and f2 is
causally before g2, the pair (f1, f2) is causally before (g1, g2) and vice versa, but
we do not assume any a priori space-like correlations ‘along the tensor’. Finally
in addition to the above we also require

1A → 1B = 1A⊗B

for the tensor, which is again self-evident from an operational perspective.

Symmetry and associativity natural isomorphisms. One can think of
natural isomorphisms as ‘explicitly witnessed’ canonical isomorphisms. This is
best seen through an example. Consider the following picture:

g

f g
= f

which, in operational terms, expresses that if we swap the location of two systems
then we also have to swap the operations we intend to apply on them in order to
get the same result. Diagrammatically it corresponds to commutation of:

A1 → A2

f → g! B1 → B2

A2 → A1

σA1,A2

"

g → f
! B2 → B1

σB1,B2

"
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• And we call the family of  (system swapping) morphisms as the natural 
isomorphism 

and we call the family of isomorphisms {σA,B : A→B → B→A} which stands for
‘swapping the systems’ a natural isomorphism. Hence this idea of the existence
of morphisms witnessing the fact that two objects are isomorphic is again highly
operational. Given two expressions Λ(−, . . . ,−) and Ξ(−, . . . ,−) using the bi-
functor (−→−), a (restricted2) formal notion of natural isomorphism generalizes
in terms of the existence of a family

{

ξA1,...,An
: Λ(A1, . . . , An) → Ξ(A1, . . . , An)

}

for which we have commutation of:

Λ(A1, . . . , An)
Λ(f1, . . . , fn)! Λ(B1, . . . , Bn)

Ξ(A1, . . . , An)

ξA1,...,An

"

Ξ(f1, . . . , fn)
! Ξ(B1, . . . , Bn)

ξB1,...,Bn

"

(1)

Analogously to ‘swapping’, we can consider a notion of associating systems to
each other e.g. being in the possession of the same agent or being located ‘not to
far from each other’. The corresponding natural isomorphism which re-associates
systems should obviously satisfy:

(A1 → A2) → A3

(f → g) → h! (B1 → B2) → B3

A1 → (A2 → A3)

αA1,A2,A3

"

f → (g → h)
! B1 → (B2 → B3)

αB1,B2,B3

"

that is, in a picture,

f g
=

h

f g h

When abandoning the spatial interpretation of associativity, naturality is still
implicitly present in the pictures due to the implicit absence of brackets in:

f g h

2We will present a much more general notion of natural isomorphism/transformation below
ones we have the general notion of morphism of categories at our disposal.
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